Variational Inference and Generative Models

CS 330
10/31/2022

With slides adapted from Sergey Levine, CS285 1



Course Reminders

Homework 3 due Wednesday Friday.

Following up on some high-res feedback:

- Extension on HW3, added clarifications & documentation links in initial HW3 Ed post
- Project mentor role clarification



This Week

A Bayesian perspective on meta-learning

Today: Approximate Bayesian inference via variational inference
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/,'/W/ :

Bayes is back.



Plan for Today

1. Latent variable models

2. Variational inference
3. Amortized variational inference

4. Example latent variables models

Goals
o Understand latent variable models in deep learning

 Understand how to use (amortized) variational inference




Probabilistic models
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- probability values of discrete categorical distribution

- mean and variance of a Gaussian
But it could be other distributions!



How do we train probabilistic models?

the model: pg(x)

the data: D = {x1,x2,23,...,ZN}

: : : NORMAL DISTRIBUTION
maximum likelihood fit:

1
“ —\ 7;
0 < arg max — EZ og po(x;)

Fasy to evaluate & differentiate for categorical or Gaussian distributions. PARANORMAL DISTRIBUTION

l.e. cross-entropy, MSE losses

Goal: Can we model and train more complex distributions?



When might we want more complex distributions?

- generative models of images, text, video, or other data

- represent uncertainty over labels (e.g. ambiguity arising from limited data,
partial observability)

- represent uncertainty over functions

“HD Video: Riding a horse
in the park at sunrise”

Villegas, Babaeizadeh, Kindermans, Moraldo, Zhang, Saffar, Castro, Kunze, Erhan. Phenaki: Variable Length Video Generation From Open Domain Textual Description. arXiv 2022 7



Meta-learning methods represent a deterministic p(¢;|D;",0) (i.e. a point estimate)

Why/when is this a problem?

Few-shot learning problems may be ambiguous.
(even with prior)

L Can we learn to generate hypotheses
| 5%2!'3§§Hat, about the underlying function?

v/ Young |.e. sample from p(¢z |D§r7 0)

- safety-critical few-shot learning
(e.g. medical imaging)

v Smiling, Important for: | |
v Wearing Hat, - learning to actively learn
’ X Young
+ Smiling, - |learning to explore in meta-RL
v Wearing Hat, Active learning w/ meta-learning: Woodward & Finn ’16,
v/ Young

Konyushkova et al. '17, Bachman et al. "17
Goal: Can we model and train complex distributions?




Latent variable models: examples

e.g. mixture model



Latent variable models: examples

p(x) =" p(x|2)p(2)
z 4 T

mixture
element

e.g. Gaussian

e.g. mixture model
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Neural Networks

e.g. mixture model

<

e.g. mixture density network



Latent variable models in general

complicated distribution

/N

“easy” distribution

distribution

((easyl)

)

., Gaussian

(e.g

(e.g., conditional Gaussian)

<

>

“easy” distribution

(e.g., Gaussian)

12

represent complex distribution by composing two simple distributions



Latent variable models in general

p(@)= [ plalp(z

“easy” distribution

(e.g., conditional Gaussian)

Questions:
1. Once !

«

complicated distribution
p(x) 1

“easy” distribution
(e.g., Gaussian)
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‘rained, how do you generate a sample from p(x)?

2. How do you evaluate the likelihood of a given sample x;?

, <

represent complex distribution by composing two simple distributions
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How do we train latent variable models?

the model: pg(x)

p(z) — / p(z]2)p(2)dz

the data: D = {x1,x2,23,..., TN}

maximum likelihood fit: 1
1 0 < arg max - Z@: log (/ pg(azi\z)p(z)dz)
0 < arg max - ZL: log pe(x;)

completely intractable



Flavors of Deep Latent Variable Models

Use latent variables:

- generative adversarial networks (GANSs)

- variational aL

- NO

- diff

All differ in how they are trained.

‘malizi
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models

ers (VAEs)
els

Do not use latent variables:
- autoregressive models

(recall generative pre-training lecture)



Variational Inference

A. Formulate a lower bound on the log likelihood objective.
B. Check how tight the bound is.

C. Variational inference -> Amortized variational inference
D. How to optimize



Estimating the log-likelihood

alternative: expected log-likelihood: intuition: “guess” most likely z given x;,
and pretend it’s the right one

...but there are many possible values of z

1
0 «— arg max — EzN z|lx; 1ng9 Ly <
o N 2; Pz )[ ( )] so use the distribution p(z|xz;)

p(z) 3

but... how do we calculate p(z|x;)?

17



The variational approximation

but... how do we calculate p(z|x;)? what if we approximate with ¢;(z)

can bound log p(x;)!

log p(x;) = log/p(xdz)p(z) p(z) 4

<

= log / p(xi|z)p(2) qf(z)

— 10g Equi(z)

> <

N (s, o)

18



The variational approximation

Jensen’s inequality
but... how do we calculate p(z|x;)?

log Ely| > E|logy

can bound log p(x;)!

log p(ai) = log | plail2)p(2)

z

qi (%)

= log/p T;|2)p(2

_ _ maximizing this maximizes log p(x;)

p(xi|z)p(2)
= log £, . i(z

qi (%) () /

S 7 1 p(zi|z)p(z) B
> Eg,(z) |l0g = E, g (2)[log p(z:]2) + log p(2)] + Higi) (»)[log qi(2)]

q:(2)

“evidence lower bound” (ELBO) 7



A brief aside...

0.5

H(X)

Entropy: ,

H(p) = —Epp)logp(z)] = — / p(x)log p(x)dz

I

Intuition 1: how random is the random variable?

Intuition 2: how large is the log probability in expectation under itself

what do we expect this to do?
Ezwq,,;(z) [1ng($z‘2) T 10gp(2)] T %(QZ)

this maximizes the first part

p(ﬂji,Z) 4 . . .
this also maximizes t

/ (makes it as wide as

Z

0.5
Pl‘(;Y =

1)

ne second part

nossible)




A brief aside..

KL-Divergence:

DKL(QHP) — Eazwq(x) log (

P\

Intuition 1: how different are two distributions?

)

q(z)

— Equ(:c) [lOg Q(x)] T ECIZNq(ZU) [1ng($)] — _ECUNCI(QU) [logp(w)] o %(Q)

e.g. when g=p, KL divergence is O

Intuition 2: how small is the expected log probability of one distribution under another, minus entropy?

why entropy?

this maximizes the first part

this also maximizes t

/ (makes it as wide as

Z

ne second part

nossible)



How tight is the lower bound?

Li(p,q;) “evidence lower bound” (ELBO)

A
| 1

log p(xi) > E.q,(2)log p(xi]2) + log p(z)] + H(q;)

what makes a good ¢;(z)7 intuition: ¢;(z) should approximate p(z|z;)
approximate in what sense? compare in terms of KL-divergence: Dkr,(q;(2)||p(z|x))
why?
_ QZ(Z) Q’L(Z)p(xl)
Dx1.(qi(2)[|p(2]%i)) = Ezng,(2) |log = L2ig;(2) |log
(¢:(2)[|p(z|z;)) qi(2) U (2|2 qi(2) p(;, 2)
= —F.rg,(»)l0g p(wi]2) + 102 p(2)] + Earg,() 108 6i(2)] + Eerog,(z) log plazs)
= —E.q,(»)log p(zi|z) +log p(2)] — H(q:) + log p(x;)
= —Li(p, ¢i) + log p(x;)

logp(x;) = Dxr(q:(2)|lp(z|z;)) + Li(p,q;) Note 1: If KL divergence is 0, then bound is tight.
log p(z;) > Li(p, qi) =



How tight is the lower bound?

Li(p,q;) “evidence lower bound” (ELBO)

A
| 1

log p(xi) > E. g2 logp(zi|2) + log p(2)] + H(g:)

what makes a good ¢;(z)7 intuition: ¢;(z) should approximate p(z|z;)

approximate in what sense? compare in terms of KL-divergence: Dkr,(q;(2)||p(z|x))

why?

Dy, (qz(z) Hp(z\ajz)) = —Li(p,qi) + logp(z;) Note 2: Maximizing L(p, g;) w.r.t. g; minimizes the KL divergence.

logp(x;) = Dk1.(qi(2)||lp(z|x;)) + Li(p,q;) Note 1: If KL divergence is 0, then bound is tight.
log p(x;) > Li(p, qi)

1
Optimization objective: Igl’?jfi N 2; Li(pe,qi)



Optimizing the ELBO

Li(p,q;) “evidence lower bound” (ELBO)

A
| 1

log p(x:) > E, g, () [log po(zi|2) + log p(z)] + H(q;)

1 1
0 <+ arg max . log pg(x;) 0 <+ arg max — Z L;(p,q;)

for each x; (or mini-batch): let’s say q;(z) = N (i, 04)
calculate Vo L;(p, q;): use gradient V,,,L;(p,q;) and V,,Li(p, q;)
sample z ~ ¢;(2) oradient ascent on u;, o;

VoLi(p,qi) =~ Voglogpe(xi|z)

00+ aVeLl,; (p, qi) / how?

update ¢; to maximize L;(p, ¢;)

24



What's the problem?

for each x; (or mini-batch):
calculate Vo L;(p, q;): let’s say q;(2) = N (pi, o)

sample z ~ ¢;(2) use gradient V. L;(p, ¢;) and V,,L;(p, q;)
VoLi(p,qi) = Vglogpg(x;|z)
0« 0+ aVeLli(p,q)

osradient ascent on u;, o;

update ¢; to maximize L;(p, q;)

Question: How many parameters are there? |0 4+ (|| + |o3]) X N

intuition: g;(2) should approximate p(z|x;)  what if we learn a network ¢;(2) = q(z|z;) ~ p(z|x;)?

o ) D

qo(2|r) = N(pg(z), 0 (x))
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Amortized Variational Inference

C. Variational inference -> Amortized variational inference
D. How to optimize



What's the problem?

for each x; (or mini-batch):
calculate Vo L;(p, q;): let’s say q;(2) = N (pi, o)

sample z ~ ¢;(2) use gradient V,, L; (p,qi) and V, L;i(p, q;)
VoLli(p,qi) = Vglogpe(z;|z)
0« 0+ aVeLli(p,q)

osradient ascent on u;, o;

update ¢; to maximize L;(p, q;)

Question: How many parameters are there? |0 4+ (|| + |o3]) X N

intuition: g;(2) should approximate p(z|x;)  what if we learn a network ¢;(2) = q(z|z;) ~ p(z|x;)?

o ) D

qo(2|r) = N(pg(z), 0 (x))
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Amortized variational inference

S A ST A
i:\"'\\‘x —>4( ”’Z %15': x = 7 ; R X =, Z
s s 2lx) = N(pug(x), op(x
Zo \ SR 2-'/§§,' SR r._'_,_,. ::
e NSNS
e N ) T RN, L N
= 2N\ ZaS\ e

L(po(wilz), q¢(2|Ti))

calculate Vo L(pg(xi|z), qp(2]7s)): log p(#i) > E, g, (2]a:) l0g po(2i]2) + log p(2)] + H(gp(2|2:))

for each x; (or mini-batch):

sample z ~ qu(2|T;)
VoL =~ Vylogpg(x;|2)
0 — 0+ aVyL

¢ < ¢+ aVyLl
\ how do we calculate this?

28



Amortized variational inference

for each x; (or mini-batch):

calculate Vo L(pg(xi|z), qs(2]z;)): look up formula for

t faG |
sample z ~ g¢(z|7;) qs(2|x) = N(pep(x), 04()) ENLrOpy O @ Laaussian
VoL =~ Vg logpg(xz;|2) /

0 «— 0 + OzV@ﬁ Ci — Ez~q¢(z|xi)[logpe(wi\2) -+ logp(z)] -+ H(ch(z‘flfz))

Q¢+ aVuLS t , '

‘](¢) — Ez~q¢(z|xi)[r(xia Z)]

29



The reparameterization trick

J(9) = EZNQ¢(Z|$¢)[T($73> z)] q¢(z‘x) — N(Mqﬁ(x)v O¢($))

— EGNN(O,l)[T<xi7 ,ugb(aji) =+ €U¢(5Ei))] A— be(m) —+ €O¢($)

T
estimating V4J(¢):
l
sample €1, ...,€ep from N (0,1)  (a single sample works well!) e ~ N(0,1)
Vol (8) % 37 30 Var(ws o) + €05 (1) ndependent of ¢!
J

+ Very simple to implement Discrete latent variables:
+ Low variance - vector quantization & straight-through estimator (“VQ-VAE")

- Only continuous latent variables - policy gradients / “REINFORCE”

30



Another way to look at everything...

L; = Ezwq¢(z|xi)[logp9(wi‘z) + lng(Z)] + H(QCb(Z‘x”L))

= E.ngy (22 108 00(2i]2)] + By, (zlan) l0g p(2)] + H(gp(2]2:))

\ J
|

— Dy, (Q¢(Z‘Q;Z) |p(z)) «—— this has a convenient analytical form
for Gaussians

— EZNQ¢(Z|xi)[Ing9(ZE7;|Z)] — DKL(qsb(Z‘xi)Hp(Z))

= Eeononlog po(@ilus(@:) + cou ()] — Dre(as(=]z:)[p(2))

~ log pg(wilpe (i) + €0 (ri)) — Dxrlge(z|2i)[[p(2))

31




Example Models



The variational autoencoder

ap(2|7) = N(ug(@),04(x)) o1 |0 pol]2) = N(uo(2),00(2))

= BRI e
Ti SR oo L (i) + €og(x;) = 2 & 2 3
— ¢ ¢ ¢ T T ¢ (.CEZ) — Y | — ¢ - ¢ =
b e ~N(0,1) 0

1

max Z log pg(i|pg (i) + €0g(w;)) — Dxr(qe(z|x:)||p(2))

33



Using the variational autoencoder

——
pe. —
- ——
- ~
o
e

4o (2|7) = N(pg(2),06(x)) ot |7 polz]z) = N(uo(2),00(2))

p(z) — / p(z]2)p(2)dz

why does this work?
sampling:
2z~ p(2)
x ~ p(z|z)

Li=E.q,(z|z)l0ogpo(zilz)] — DkL(ge(2|x:)|[p(2))

34



Conditional models

Li=E,ngy(z|z:,u:) log po(yi|zi, z) +log p(z|x;)| + H(qe (2|2, yi)) ' ;_:_,_:{/

7 ) ® "\ \
2203 -..“ l',
L/ / |:"' W22\ \ Il | \'. W\ l"-'l
q \ \ / f ¢ ! /
|| \ /]
|\ LA $0 9 /1
I| I\i YA ) ,v’ \#l ‘lf / I|
\ A\ : YOV
o
4 \ II ]|
l . “l |
If / S| Y v/

just like before, only now generating y; /——r V.

and everything is conditioned on x; z ~ N(0,1)
’ (brain coral)
at test time: - p(z)
z ~ p(z|lx;) can optionally depend on x

y ~ p(y|zi, 2)

o AN v it

s
5 RS

e O Sl : :
st i _ e e ’pé’(yz|$zaz)
Vi GREEEEE ~ L Mo teog =2 FEGEHE
BN ~ o) — " sl

| g
? e ~ N(0,1)

Images from Razavi, van den Oord, Vinyals. Generating Diverse High-Fidelity Images with VQ-VAE-2. ‘19

class 109 l
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Plan for Today

1. Latent variable models

2. Variational inference
3. Amortized variational inference

4. Example latent variables models

Goals
o Understand latent variable models in deep learning

 Understand how to use (amortized) variational inference




Course Reminders

Homework 3 due Wednesday Friday.

Next time: Bayesian meta-learning
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