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Kullback-Leibler divergence

Consider two distributions p and g over a set X'. The KL-divergence
Dki[p||q] is defined as

Diclplla] = — /X p(x) log Zg;dx

= EXNP(X) [Iog 583}
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Properties of the KL divergence

@ The KL divergence is not symmetric Dy [p||q] # Dki[ql|p]

(a) b) (©

Figure: Fitting a unimodal approximating distribution q (red) to a
multimodal p (blue). Using KL(p||q) leads to mode-covering (a).
However, using KL(q||p) forces q to be mode-seeking (b, c)

Limage credit: CS 236
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https://deepgenerativemodels.github.io/notes/index.html

Properties of the KL divergence

@ The KL-divergence between two distributions (when it is defined) is
always non-negative.
Proof: We have

Dk[qllp] = Ex~p(x) [ — log Zgiﬂ 2 ~logExnp(x) [Zg;}
__ /X p(x)zggdx -

- Iog/ g(x)dx = —logl=0
X
where the above follows from Jensen's inequality.

@ From the previous point Dk, [q||p] if and only if p = g (module
some measure-theoretic considerations).

Author Stanford 4 /16



Generative models over data

0eM
Model family

Figure: We want to fit the probability distribution of the data

Limage credit: CS 236
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Generative models over data
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Figure: We want to fit the probability distribution of the data

argmm DKL(Pdata”pG "D| Z log P0 XI (01)

Limage credit: CS 236
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Generative models over data

Py)

6eM

XlNPdata
i=12..,n Model family

Figure: We want to fit the probability distribution of the data

argmm DKL(Pdata”pG "D| Z log P0 XI (01)

We just need to train a maximum likelihood model!

Limage credit: CS 236
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Generative models over data

Evaluating likelihoods over high dimensions is hard!
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Latent variable models

LImage credit: Jeremy Jordan's blog post.
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https://www.jeremyjordan.me/variational-autoencoders/

Latent variable models
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© Data is governed by a simple latent distribution p(Z).
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Latent distributions Sampled latent attributes

© Data is governed by a simple latent distribution p(Z).

© The observed data X is generated by a conditional distribution
p(X|2).

LImage credit: Jeremy Jordan's blog post.
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Data likelihood under latent variable models

Author Stanford 8 /16



Data likelihood under latent variable models

General solution: Introduce inference distribution
q(z]x).
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Data likelihood under latent variable models

General solution: Introduce inference distribution

q(z[x).
Intuition: z
© Guess the likely z given x; and use those to At
compute likelihood. a(2|1X) ! p(X|2)

Author Stanford 8 /16
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© Guess the likely z given x; and use those to At
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Data likelihood under latent variable models

General solution: Introduce inference distribution

q(z]x).
Intuition: ;

© Guess the likely z given x; and use those to .
compute likelihood.

@ Evaluate uncertainty through a distribution .
over z - q(z|x). T

© Approach is similar to the EM algorithm.
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Variational Inference

log po(x) =
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Variational Inference

g po(x) = log [ pu(x[2)p(z)dz =
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Variational Inference

log po(x /Pe x|z)p

. q¢<|) s e [ antoh P2
og [ 4 (|)P9(|)()d lg/ e 227

:1
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Variational Inference

log po(x /Pe x|z)p

. q¢<|) s e [ antoh P2
og [ 4 (|)P9(|)()d lg/ e 227

:1

log Bz~ q,(zlx) [W(XZ;]

qe(z|x
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Variational Inference

log po(x /Pe x|z)p

jog /%( LI )()dz—log/ oz P2) o,

anleh) 9(z)
:1
p (X,Z) Py (X,Z) _
log E.2wq, (z]) [m] 2 Eerastalo [log qZ(ZIX)} -

Jensen
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Variational Inference

log po(x /Pe x|z)p

. q¢<|) s e [ antoh P2
og [ 4 (|)P9(|)()d lg/ e 227

:1

pO(X7Z)
108 g ) | oy
q4(z|x) q¢(z|x)

pe(x,z)] _

Eomgu(epo ||
qs(z|x) | 108 q¢(z|x)

|2

Jensen
Ez~q¢(z\x)[|og pg(X|Z)] =+ IEz~q¢,(z\x)[|og p(Z) - IOg q¢(Z|X)] = £97¢(X)

=—Dx1(qe(z|x)||p(2))
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Variational Inference

Why exactly do we sample from q4(z|x)?
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Variational Inference

Why exactly do we sample from q4(z|x)?

Proposition

For any distribution q(z) we have:

log py(x) — Dkr(a(2)l|p(z]x)) =
E~q(z)[log po(x|2)] = Dre(q(2)l|P(2))
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Variational Inference

Why exactly do we sample from q4(z|x)?

Proposition

For any distribution q(z) we have:

log po(x) — Dke(q(2)[|p(z|x)) =
E,~q(2)[log po(x|2)] — Dki(q(2)[|p(2))

@ The Evidence Lower Bound (ELBO) is a lower bound on the data
log-likelihood under any sampling distribution g(z).
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Variational Inference

Why exactly do we sample from q4(z|x)?

Proposition

For any distribution q(z) we have:

log po(x) — Dke(q(2)[|p(z|x)) =
E,~q(2)[log po(x|2)] — Dki(q(2)[|p(2))

@ The Evidence Lower Bound (ELBO) is a lower bound on the data
log-likelihood under any sampling distribution g(z).

© From the properties of KL-divergences, equality is achieved only
when q(z) = p(z|x).
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Variational Inference

Why exactly do we sample from q4(z|x)?

Proposition

For any distribution q(z) we have:

log po(x) — Dke(q(2)[|p(z|x)) =
E,~q(2)[log po(x|2)] — Dki(q(2)[|p(2))

@ The Evidence Lower Bound (ELBO) is a lower bound on the data
log-likelihood under any sampling distribution g(z).

© From the properties of KL-divergences, equality is achieved only
when q(z) = p(z|x).
@ To minimize the ELBO gap we choose g(z) = g(z|x).
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Lo,6 = Ezngy(zp[log po(x|2)] — Dri(ge(z[x)llp(2))

reconstruction KL regularization
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Lo,6 = Ezngy(zp[log po(x|2)] — Dri(ge(z[x)llp(2))

reconstruction KL regularization
@ Set g4(z|x) to be multivariate normal distribution parameterized by

a neural network, i.e g4(z|x) = N(z; po(x), oo(x)), where
og(x) = diag(c3(x),...,0%(x)) is a diagonal matrix.
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Lo,6 = Ezngy(zp[log po(x|2)] — Dri(ge(z[x)llp(2))

reconstruction KL regularization

@ Set g4(z|x) to be multivariate normal distribution parameterized by
a neural network, i.e g4(z|x) = N(z; po(x), oo(x)), where
og(x) = diag(c3(x),...,0%(x)) is a diagonal matrix.

Let g = N(p1,%1) and p = N(u2, X2), then

Dia(allp) = 5 [tr(Z52) + (12 — ) T3 (2 — )~

serrs )|

k—i—log(
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Lo,6 = Ezngy(zp[log po(x|2)] — Dri(ge(z[x)llp(2))

reconstruction KL regularization

@ Set g4(z|x) to be multivariate normal distribution parameterized by
a neural network, i.e g4(z|x) = N(z; po(x), oo(x)), where
og(x) = diag(c3(x),...,0%(x)) is a diagonal matrix.

Let g = N(p1,%1) and p = N(u2, X2), then

Dia(allp) = 5 [tr(Z52) + (12 — ) T3 (2 — )~

serrs )|

k—i—log(

This is a differentiable function!
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization

Need to compute

v¢,0]Ez~q¢ (z|x) [|Og Po (X|Z)]
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Lo,6 = Eznqy(zx) 108 Po(x]|2)] — Dri(qy(2]x)[|p(2))

reconstruction KL regularization

Need to compute

V,0Eznq, (21 [l0g Po(x|2)]

Both the expectation and the likelihood are functions of model
parameters!
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization

Need to compute

v<;5,0]Ez~qm(z|><) [|Og pe(X|Z)] ~ v¢a0]EZqus(Z\X) [|Og pe(XlZ)]
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization

Need to compute

v<;5,0]Ez~qm(z|><) [|Og Po (X|Z)] ~ v(ﬁﬁ]ﬁzwq@(z\x) [|Og Po (X|Z)]

Reparameterization Trick:

Z = py(x) + eop(x), where e ~ N(0,1)
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization

Need to compute

v<;5,0]Ez~qm(z|><) [|Og Pe(X|Z)] ~ v(ﬁ,e]ﬁzwq@(z\x) [|Og Po (XIZ)]

Reparameterization Trick:
Z = py(x) + eop(x), where e ~ N(0,1)
M

1 )
Vo.0Bzng, (2 nllog po(x|2)] = Vo1 > "log po (x| po(x) + Doy (x))
N—_— ———

=1 ZD N (g (x),04(x))
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Optimizing the ELBO

The ELBO consists of two terms: reconstruction and a KL regularization:

Ly.p = Eznq,(z1[log po(x]2)] = Die(g(2]x)[p(2))

reconstruction KL regularization

Need to compute

v<;5,0]Ez~qm(z|><) [|Og Pe(X|Z)] ~ v(ﬁ,e]ﬁzwq@(z\x) [|Og Po (XIZ)]

Reparameterization Trick:
Z = py(x) + eop(x), where e ~ N(0,1)

M
1 )

Vo.0Bzng, (2 nllog po(x|2)] = Vo1 > "log po (x| po(x) + Doy (x))

N—_— ———

=1 ZD N (g (x),04(x))

In practice usually M = 1.
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Variational Auto Encoder (VAE)

45 (2]x) = N (py(2), 04 () :'I po(z|2) = N (1o (2), 06(2))

v
.
.
~
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Variational Auto Encoder (VAE)

9o (l2) = N (o (), 09 () | po(22) = N (1o (2),00(2))

T

e~ N(0,1)
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Variational Auto Encoder (VAE)

9o (l2) = N (o (), 09 () | po(22) = N (1o (2),00(2))

T

e~ N(0,1)

N
max % Z log po (il g (x) + €05(x)) = Die [N (1 (xi), 0 (x1)) IV (0, 1)]
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What does the VAE actually do

rg?ex = Eq,(z1x) [108 Po(x|2)] — Dke(g4(z|x)||p(2))

reconstruction KL regularization

LImage credit: Jeremy Jordan's blog post.
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What does the VAE actually do

max = E,q,(z1x) [l0g po(x|2)] — Dke(qs(z]x)[|p(2))

reconstruction KL regularization

Penalizing reconstruction loss
encourages the distribution to
describe the input

Without regularization, our
network can “cheat” by learning
narrow distributions

Penalizing KL divergence
acts as a regularizing force

Attract distribution
to have zero mean

A A

T T T T T
-5 0 5 5 0 5 K 0 5
Qur distribution With a small Ensure sufficient variance to
deviates from the enough variance, yield a smooth latent space
prior to describe

this distribution is
effectively only
representing a
single value

some characteristic
of the data

LImage credit: Jeremy Jordan's blog post.

Stanford 13 / 16


https://www.jeremyjordan.me/variational-autoencoders/

at does the VAE actually do

max = E,q,(z1x) [l0g po(x|2)] — Dke(qs(z]x)[|p(2))

reconstruction KL regularization

Penalizing reconstruction loss Without regularization, our
encourages the distribution to network can “cheat” by learning
describe the input narrow distributions

T T T T
-5 0 5 -5 0

Penalizing KL divergence
acts as a regularizing force

Attract distribution
to have zero mean

| A

5 5 [ 5
Qur distribution With a small Ensure sufficient variance to
deviates from the enough variance, yield a smooth latent space

prior to describe
some characteristic
of the data

this distribution is
effectively only
representing a
single value

The VAE objectives arranges data on a compact manifold (we can sample
from) in a continuous smooth way.

LImage credit: Jeremy Jordan's blog post.
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Conditional VAEs

96 (2l2,y) = N (g (2,), 04 (2, )

po(z]2,y) = N(.uf?(zv Y),00(2,9))
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Conditional VAEs
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Po(x|2,y) = N (po(2,),00(2,9))
Figure: Samples from CVAE trained on SVHN
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Figure: Samples from CVAE trained on SVHN

%‘%)XEZN%(ZIX,y)[lOg po(x|z,y)] — DKL(q¢(Z|Xa y)llpe(zly))
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Conditional VAEs
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Po(x|2,y) = N (po(2,),00(2,9))
Figure: Samples from CVAE trained on SVHN

%‘%)XEZN%(ZIX,y)[lOg po(x|z,y)] — DKL(q¢(Z|Xa y)llpe(zly))

We have (optional) additional conditional-specific prior py(z|y).
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Final Questions

Questions?
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